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Abstract 
This paper compares and evaluates various generalized autoregressive conditional 
heteroscedastic (GARCH) models in terms of their ability to forecast volatility and risk of Karachi 
Stock Exchange (KSE). Linear and nonlinear GARCH and Markov Regime-Switching GARCH 
(MRS-GARCH) models with normal and fat tails errors are employed to predict 1-day to 1-month 
ahead forecast of volatility and Value-at-Risk (VaR). The MRS-GARCH model is estimated with two 
regimes, representing periods of low and high volatility of stock returns. The MRS-GARCH-t model 
for short horizon and EGARCH-t model for long horizon are found to predict the volatility and risk 
of KSE better than the competing models. 
Keywords: GARCH, Markov switching, Volatility clustering, Value-at-Risk. 
Introduction 
Many financial time series, for instance stock returns and currency exchange rates are well 
described by stylized facts such as volatility clustering and excess kurtosis. In order to capture these 
features in the financial data, autoregressive conditional heteroscedastic (ARCH) model was 
introduced by Engle (1982). Since the introduction of the ARCH model many extensions have been 
proposed. Among them the generalized ARCH (GARCH) model of Bollerslev (1986) is the most 
popular. Many applications of the GARCH model to financial data sets have found that the GARCH 
model can provide a good fit to the data.  
Standard GARCH models responds symmetrically to positive and negative values of past 
observations. More specifically, the effect of good and bad news on the conditional volatility is same 
meaning that the sign of the shock in GARCH models is irrelevant. Variants of the standard GARCH 
models have been suggested to capture this asymmetric effect of shocks on conditional variance. 
Among them, the so-called GJR model of Glosten, Jaganathan and Runkle (1993) is very popular. 
This model is able of capture the asymmetric feature commonly found in stock exchange returns. 
Another common choice among practitioners is the asymmetric property is the Exponential GARCH 
(EGARCH) model of Nelson (1991) that, among other features, can also capture the asymmetry. 
The estimation of GARCH-type models is often carried out using the maximum likelihood 
estimation (MLE) method assuming Gaussian errors for conditional distribution of errors. However, 
many empirical studies showed that fat-tailed distributions such as Student ݐ and generalized error 
distribution (GED) can provide better fit for the excesses kurtosis in the returns. 
 Though different GARCH specifications have been extensively used in variety of applications, 
most of these react too slowly to movements of the market. In other words, these models seem to be 
excessively persistent. More specifically, the conditional dependency of models account for volatility 
clustering but at the same time decrease the adaptability to shifts in stock movements (Lamoureaux 
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and Lastrapes, 1990).  Incorporating regimes or states in a GARCH model makes its mean-reversion 
state dependent. Thus, how quick the variance will get back to its long-run average will vary between 
the regimes. Given that there exists more than one state, a multi-state model will always be more 
flexible since a single-state model’s parameters only represent the average mean-reversion of the 
states.  Hence,  including  regimes  in  a GARCH  framework  are  therefore  likely  to  yield  better  
estimates  of  the  persistence  and  is therefore of interest (Alexander and Lazar, 2009).    
Hamilton (1989) introduced the idea of Markov Regime-Switching processes to capture the 
periodic shift from recessions to boom and vice-versa for US business cycle. Hamilton and Susmel 
(1994) and Cai (1994) incorporated this idea with the ARCH model as a way of modelling volatility 
with different states. This was further generalized to the Markov Regime-Switching GARCH (MRS-
GARCH) models by Gray (1996).  
Klaassen (2002) further develop MRS-GARCH model by distinguishing two regimes with 
different volatility levels.  The efficiency of this model was tested using three major US Dollar daily 
exchange rate series and the results revealed significantly better out-of-sample forecasts of volatility 
compared to the conventional single-regime GARCH forecasts. The Value-at-Risk (VaR) forecasts 
from the Markov-switching ARCH model (Hamilton and Susmel, 1994) was analyzed by Tang and 
Gau (2004). They reported that the Markov-switching ARCH model provide better VaR forecasts than 
alternative VaR models that only consider time varying.  
A Markov regime-switching GARCH model based on mixtures of normal distributions was 
proposed by Haas et al. (2004). They applied it to three exchange rate return series for volatility and 
VaR forecasting and found better volatility forecasts than vanilla GARCH models. Marcucci (2005) 
compared linear and nonlinear GARCH models (GARCH, GJR, and EGARCH) with MRS-GARCH 
modes under Gaussian, Student ݐ and GED distributions for errors. The volatility forecasts of the 
S&P100 index were calculated using these models and empirical findings confirmed that the MRS-
GARCH models outperformed the standard GARCH models for short horizons forecasting of 
volatility.   
Gray’s (1996) regime-switching model was extended to an Asymmetric Power GARCH 
(APGARCH) model by Ane and Ureche-Rangau (2006). The performance of the proposed model was 
evaluated using four Asian stock market indices and the MRS-APGARCH model are found better. 
Sajjad et al. (2008) applied an asymmetric MRS-GARCH model to estimate Value-at-Risk for long 
and short positions of the FTSE100 and S&P500 indices. Their findings showed that, for both long 
and short positions of the FTSE100 series, MRS-GARCH-ݐ (assuming a Student ݐ distribution for the 
innovations) outperformed other models in estimating the VaR. The MSGARCH-ݐ also showed 
superior performance along with EGARCH-ݐ model for the S&P series.  
 Liu and Hung (2010) proposed two types of regime-switching GARCH-jump models based 
on Maheu and McCurdy’s (2004) autoregressive jump intensity (ARJI) framework to model the 
nonlinearity in return series. The first type is a Markov regime-switching model which generalizes the 
GARCH model by distinguishing two regimes with different GARCH volatility and jump intensity  
levels  while  the  second  is  a  threshold  GARCH-jump  model  with  an  exogenous threshold  
variable.  These model were applied to Japanese YEN-US Dollar exchange rate and IBM stock price 
and their results, for the in-sample period, confirmed better performance of the regime-switching 
models than simple GARCH models. Walid et al. (2011) used a Markov-Switching EGARCH model 
and examined the dynamic linkage between currency exchange rate and stock price volatility for four 
emerging countries and reported regime dependent relationship between these variables. They found 
that the conditional volatility of stock price responds asymmetrically to foreign exchange. Clifter 
(2013) forecasted the electricity prices of Nordic electric power market with different volatility models 
including MRS-GARCH model and suggested the latter model for better price forecasts for electricity.  
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The KSE is the leading and dominant stock exchange of Pakistan established in 1947. The 
KSE has been a volatility market due to many domestic and global events and the volatility and risk 
measures of the market have not been studied in detail during the period of low and high volatility. 
Few studies exist in literature that model the volatility and VaR of KSE. Pasha et al. (2007) compared 
the performance of GARCH-type models to forecast the volatility and Iqbal et al. (2010) compared 
parametric and non-parametric methods of VaR of KSE. Extreme value theory for VaR estimations is 
used by Qayyum and Nawaz (2010). Nawaz and Afzal (2011) applied Historical Simulation and Risk 
Metrics method for the computation of risk. The generalized autoregressive conditional 
heteroscedastic (GARCH) models for volatility and risk forecasting were employed by Mahmud and 
Mirza (2011) and Haque and Naeem (2014). Raza et al. (2015) applied GARCH family models with 
fat-tailed error distributions for the estimation and forecasting of KSE daily data. To the best of our 
knowledge, the regime-switching GARCH models which is shown to capture the volatility in different 
regimes better than the standard GARCH models have not been yet applied for volatility and risk 
estimation and forecasting of KSE. This motivate us to conduct this study and contribute to the 
existing literature of volatility and risk forecasting of KSE. 
The main aim of this paper is to model and examine the structural changes in the conditional 
variance process of stock price of Pakistan by employing the MRS-GARCH model. This paper also 
examine whether using two regimes MRS-GARCH model improves the forecasts of volatility and 
VaR of KSE over the more conventional single-regime GARCH models. Linear and nonlinear 
GARCH models and MRS-GARCH modes with Gaussian, Student ݐ and GED distributions are 
compared in terms of their ability to forecast volatility and VaR of KSE from 1-day to 1-month 
horizon. The present study uses daily data of KSE prices for the time period July 03, 2005 – December 
31, 2012. This time period includes both low and high volatility periods of stock prices and exchange 
rates and therefore one of the implications of this research is to provide a better insight of any structural 
changes in these variables during various regimes. Pakistan has an emerging stock market and hence 
better models of volatility and risk and reliable forecasts are desirable for the growth of economy. 
This study is therefore important to examine structural changes and provide better forecasts for 
Pakistan stock market. 
The rest of the paper is structured as follows: Section 2 outlines standard and regime-switching 
GARCH models, Section 3 presents the data and preliminary analysis followed by empirical results 
and discussion. Finally, Section 4 contains the conclusion of this study. 
Econometric Methods 
Let ݌௧ denotes the daily stock market price of KSE and ݎ௧ denotes corresponding daily returns that can be defined as  
ݎ௧ ൌ 100 ൈ ሾlog	ሺ ݌௧ሻ െ log	ሺ݌௧ିଵሻሿ                              (1) where ݐ denotes the daily closing observations with ݐ ൌ 1,2, … , ܶ. The return series can have 
the following conditional mean and variance dynamic equation: 
ݎ௧ ൌ ߤ௧ ൅ ݑ௧ ൌ ߤ௧ ൅ ߟ௧ඥ݄௧                               (2) 
where ߤ௧	is the time varying conditional mean,  ݑ௧ is the residual, ߟ௧ is i.i.d. with mean zero and variance one and ݄௧ is the conditional variance. The conditional variance or volatility, ݄௧ ൌVarሺݎ௧|Ω௧ିଵሻ, where Ω௧ିଵ is the information set available at time ݐ െ 1, can be modelled using GARCH-type models. 
GARCH-type models 
 GARCH (݌, ݍ) model of Bollerslev (1986) models the current conditional volatility as a 
function of ݌ previous conditional variances ݍ previous squared errors. In its simple form, the GARCH 
(1, 1) model can be expressed as 
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݄௧ ൌ ߙ଴ ൅ ߙଵ	ݑ௧ିଵଶ ൅ ߚଵ	݄௧ିଵ                                        (3) where ߙ଴ ൐ 0, ߙଵ, ߚଵ ൒ 0, and ߙଵ ൅ ߚଵ ൏ 1 ensure a positive conditional variance and stationarity of the process. Note that when ߙଵ ൅ ߚଵ ൌ 1, the process is called the integrated GARCH (IGARCH) in which a shock to the conditional variance remain in the process. The GARCH (1, 1) 
model is found an adequate representation of the conditional volatility and often used as a benchmark 
model.  
The GARCH (1, 1) model is a symmetric model, i.e. both negative and positive shocks have 
similar impact on the conditional volatility. This is considered as one of the drawbacks of this widely-
used model and hence triggered various asymmetric specifications. Two popular volatility models that 
can respond asymmetrically to positive and negative shocks are the exponential GARCH (EGARCH) 
model of Nelson (1991) and the GJR model of Glosten et al. (1993). The GJR (1, 1) model that account 
for the ‘leverage effect’ is defined as 
݄௧ ൌ ߙ଴ ൅ ߙଵ	ݑ௧ିଵଶ ൅ ߛ	ݑ௧ିଵଶ ܫ௧ିଵ ൅ ߚଵ	݄௧ିଵ                             (4) 
where again ߙ଴ ൐ 0, ߙଵ ൅ ߚଵ ൒ 0, 	ߙଵ ൅ ߛ ൒ 0, and ߙଵ ൅ ߚଵ ൅ ଵଶ 	ߛ ൏ 1 are usual parameter constraints and ܫ௧ିଵ ൌ 1 if ݑ௧ିଵ ൏ 0, and 0 otherwise. Note that positive return contributes to the volatility only through the factor ߙଵ	 whereas the volatility is increased through the factor ߙଵ ൅ ߛ in case of negative return. Here ߛ is called the asymmetric parameter; a significant ߛ	 ൐ 	0 indicates a 
‘leverage effect’ and  if  ߛ ൌ 0, the GJR (1, 1) model reduces to the linear GARCH (1, 1) model. 
 Nelson (1991) introduced the exponential GARCH (EGARCH) model that does not impose 
restriction of non-negativity on the variance process. In fact, the logarithm of the conditional volatility 
is modelled as  
													logሺ݄௧ሻ ൌ ߙ଴ ൅ ߙଵ ቆ
|ݑ௧ିଵ|
ඥ݄௧ିଵ
െ ܧ |ݑ௧ିଵ|ඥ݄௧ିଵ
ቇ ൅ ߛ ݑ௧ିଵඥ݄௧ିଵ
൅ ߚଵ logሺ݄௧ିଵሻ																																							ሺ5ሻ 
The EGARCH model has conditional volatility or variance in log-linear form, therefore, the 
implied value of ݄ ௧ can never take negative values. This allows the extra flexibility of having negative 
parameters. Also note that the use of standardized residuals ݑ௧ିଵ/ඥ݄௧ିଵ	 instead of ݑ௧ିଵଶ  provide a 
natural representation of the size and persistence of shocks. The asymmetric effect is captured by a 
negative ߛ. As it can be seen from the EGARCH model that the effect of positive standardized shocks 
on the logarithmic conditional volatility is ߙଵ ൅ ߛ, and the effect of negative standardized shocks 
would be ߙଵ െ ߛ. Finally, ܧሺ|ݑ௧ିଵ|/ඥ݄௧ିଵሻ	takes different values under different error distribution.        
The Maximum Likelihood Estimation (MLE) method assuming Gaussian distributions for 
innovations is generally used to estimate the unknown parameters of GARCH-type models. Many 
applications have reported that Gaussian assumption is too restrictive and that fat-tailed distributions 
such as Student ݐ or GED may be used to account for excess kurtosis. In case of Gaussian errors the 
probability density function of ߟ௧ ൌ ݑ௧/ඥ݄௧ is given by  
													݂ሺߟ௧ሻ ൌ 1√2ߨ exp ൬െ
1
2 ߟ௧
ଶ൰. 
Alternatively, in case of Student ݐ distribution with ߥ degrees of freedom, the density of ߟ௧	 takes the form 
													݂ሺߟ௧; ߥሻ ൌ
Γ ቀఔାଵଶ ቁ
Γ ቀఔଶቁ	ඥሺߥ െ 2ሻߨ
	ቆ1 ൅ ߟ௧
ଶ
ሺߥ െ 2ሻ	ቇ
ିሺഌశభ	ሻమ , 
where Γሺ⋅ሻ is the Gamma function and ߥ ൐ 2 is the shape parameter or degrees of freedom. 
Finally, assuming GED as innovation density, the pdf of ߟ௧ has the following form 
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														݂ሺߟ௧ሻ ൌ ߥΓ ቀଵఔቁ ߣ	2ቀଵା
భ
ഌቁ
exp ൬െ12 ቚ
ߟ௧
ߣ ቚ
ఔ
൰, 
Where ߣ ൌ ൣሺ2ିଶ/ఔΓሺ1/ߥሻ	ሻ/Γሺ3/ߥሻ	൧ଵ/ଶ	and 0 ൏ ߥ ൑ ∞	is again the degrees of freedom or 
shape parameter that measures the thickness of the tail compared to normal distribution. If ߥ ൌ 2, this 
distribution reduces to a Normal distribution and it has heavy tails than the Normal when ߥ ൏ 2.  
Markov regime-switching GARCH models 
 The Markov Regime-Switching GARCH (MRS-GARCH) model allows the parameters of the 
conditional volatility to switch across different regimes according to a Markov process thus providing 
flexibility over the single-regime GARCH models. This may allow MRS-GARCH model to capture 
the persistence in conditional volatility in a better way by allowing shocks to have a lower persistence 
effect during the low volatility regime and more persistent during the high volatility regime. 
Meanwhile, a regime switching model is flexible enough to accommodate volatility clustering as it 
can also capture the aftershocks which may take place when large shocks that are not persistent are 
shadowed by comparatively calm periods. 
 In a MRS-GARCH (1, 1) model with two regimes, the state variable ݏ௧	evolves according to a Markov chain. More specifically, first-order Markov chain is used in which the probability of the 
current state also known as transition probability depends only on the most adjacent past state, i.e., 
     Prሺݏ௧ ൌ ݆|ݏ௧ିଵ ൌ ݅, ݏ௧ିଶ ൌ ݇,… ሻ ൌ Prሺݏ௧ ൌ ݆|ݏ௧ିଵ ൌ ݅	ሻ ൌ ݌௜௝, 
where ݌௜௝ denotes the probability of moving from regime ݅  to regime ݆  and ݌௜௝ ൌ 1 െ ݌௜௜ (when 
݅ ് ݆). Hence, the MRS-GARCH (1, 1) model with two regimes in a generalized form is then given 
by 
													ݎ௧|Ω௧ିଵ ൌ ቐ
݂ቀߠ௧ሺଵሻቁ		with	probability												݌ଵ,௧
݂ቀߠ௧ሺଶሻቁ			with	probability			ሺ1 െ ݌ଵ,௧ሻ
		 
where the density function ݂ሺߠ௧ሺ௜ሻሻ is the assumed conditional distribution of the two regimes, the ex-ante probability ݌ଵ,௧ ൌ Prሺݏ௧ ൌ 1|Ω௧ିଵሻ gives the probability of being in the first regime given 
Ω௧ିଵ. The vector ߠ௧ሺ௜ሻ denotes time varying parameters of the ݅th regime and can be divided into three 
parts as ߠሺ௜ሻ ൌ ሺߤ௧ሺ௜ሻ, ݄௧ሺ௜ሻ, ߥ௧ሺ௜ሻሻ, that is, the conditional mean ߤ௧ሺ௜ሻ ≡ E	ሺݎ௧|Ω௧ିଵ, ݏ௧ ൌ ݅ሻ, the conditional 
variance ݄௧ሺ௜ሻ ≡ Var	ሺݎ௧|Ω௧ିଵ	ሻ, and the shape parameter of the conditional distribution (for Students ݐ and GED). The MRS-GARCH (1, 1) can be defined as  
 ݎ௧ ൌ ߤሺ௜ሻ ൅ ݑ௧ ൌ 	ߤሺ௜ሻ ൅ ߟ௧ට݄௧ሺ௜ሻ	  
݄௧ሺ௜ሻ ൌ 	ߙ଴ሺ௜ሻ ൅ ߙଵሺ௜ሻ	ݑ௧ିଵ	ଶ ൅ ߚଵሺ௜ሻ	݄௧ିଵሺ௜ሻ 	                              (6) where ሺ݅ሻ represents each regime ሺ݅ ൌ 1	or	2ሻ. Since the conditional variance ݄௧ depends on the state dependent ݄௧ିଵ which itself depends on all past states, the estimation of model in (6) is computationally intractable. In order to maximize the likelihood function, all possible unobserved 
regime paths need to be integrated out which grow exponentially with sample size. One possible 
suggestion by Gray (1996) is to integrate out  ̃ݏ௧ିଵ ൌ ሺݏ௧ିଵ, ݏ௧ିଶ, … ሻ, the unobserved regime path, i.e. writing the path dependent ݄௧ିଵ as  
݄௧ିଵሺ௜ሻ ൌ E௧ିଵ൫݄௧ିଵሺ௜ሻ ൯ ൌ 	݌ଵ,௧ିଵ ቂ൫ߤ௧ିଵሺଵሻ ൯
ଶ ൅ ݄௧ିଵሺଶሻ ቃ ൅ ݌ଶ,௧ିଵ ቂ൫ߤ௧ିଵሺଶሻ ൯
ଶ ൅ ݄௧ିଵሺଶሻ ቃ െ ൣ݌ଵ,௧ିଵߤ௧ିଵሺଵሻ ൅ ݌ଶ,௧ିଵߤ௧ିଵሺଶሻ ൧
ଶ 
Although this specification makes estimation simple by avoiding the state dependence, the 
multi-step ahead forecasts are very complicated. Another simplification proposed by Klaassen (2002) 
is to replace ݄௧ିଵ by its conditional expectation, i.e. 
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													݄௧ିଵ ൌ ߙ଴ሺ௜ሻ ൅ ߙଵሺ௜ሻ	ݑ௧ିଵ	ଶ ൅ ߚଵሺ௜ሻ	E௧ିଵቄ݄௧ିଵሺ௜ሻ ቚݏ௧ቅ 
where   
													E௧ିଵቄ݄௧ିଵሺ௜ሻ ቚݏ௧ቅ ൌ ෍݌௝௜,௧ିଵ
ଶ
௝ୀଵ
൤ቀߤ௧ିଵሺ௜ሻ ቁ
ଶ ൅ ݄௧ିଵሺ௜ሻ ൨ െ ቎෍݌௝௜,௧ିଵ	ߤ௧ିଵሺ௜ሻ
ଶ	
௝ୀଵ
቏
ଶ
 
with ݌௝௜,௧ିଵ ൌ Prሺݏ௧ିଵ ൌ ݆|ݏ௧ ൌ ݅, Ω௧ିଶ	ሻ , ݅, ݆ ൌ 1,2 and calculated as  
														݌௝௜,௧ିଵ ൌ ݌௝௜ Pr
ሺݏ௧ିଵ ൌ ݆|Ω௧ିଶሻ		
Prሺݏ௧ ൌ ݅|Ω௧ିଶሻ		 ൌ
݌௝௜݌௝,௧ିଵ
∑ ݌௝௜݌௝,௧ିଵ		ଶ௝ . 
By integrating out the path dependent ݄ ௧ିଵ, this specification circumvents the path dependence problem similar to Gray (1996) with additional empirical advantage of the efficient use of all available 
information and theoretical benefit of entailing a simple and easy computation of multistep ahead 
volatility forecasts of volatility. More specifically, the ݇-step ahead forecasts of volatility at time ܶ 
can be obtained as 
															 ෠்݄,்ା௞ ൌ ෍ ෠்݄,்ାఛ
௞
ఛୀଵ
ൌ ෍෍Prሺݏ௧ ൌ ݅|Ω்ିଵሻ	 ෠்݄,்ାఛሺ௜ሻ 	
ଶ
௜ୀଵ
௞
ఛୀଵ
 
 where ෠்݄,்ା௞ is the time ܶ aggregated forecasts of the conditional volatility for the next ݇ 
steps, and ෠்݄,்ାఛሺ௜ሻ  is the ߬-step ahead forecasts of conditional volatility in regime ݅ made at time ܶ and 
can be recursively calculated as in conventional GARCH model as  
෠்݄,்ାఛሺ௜ሻ ൌ ߙ଴ሺ௜ሻ ൅ ቀߙଵሺ௜ሻ ൅ ߚଵሺ௜ሻቁ	E்ቄ ෠்݄,்ାఛିଵሺ௜ሻ ቚݏ்ାఛቅ. 
 The method of maximum likelihood can be employed to estimate the unknown parameters of 
the MRS-GARCH (1, 1) model. These parameters can be obtained by maximizing the log likelihood 
function 
															ࣦ ൌ ෍logൣ݌ଵ,௧	݂ሺݎ௧|ݏ௧ ൌ 1ሻ ൅ ݌ଶ,௧	݂ሺݎ௧|ݏ௧ ൌ 2ሻ൧	
்
௧ୀଵ
 
where ݂ሺݎ௧|ݏ௧ ൌ ݅ሻ is the conditional density of ݎ௧ given regime ݅ occurs at time ݐ and the ex-ante probability ݌௝,௧ are calculated as  
														݌௝,௧ ൌ Prሺݏ௧ ൌ ݆|Ω௧ିଵሻ ൌ ෍݌௜௝
ଶ
௜ୀଵ
݂ሺݎ௧ିଵ|ݏ௧ିଵ ൌ ݅ሻ݌௜,௧ିଵ
∑ ݂ሺݎ௧ିଵ|ݏ௧ିଵ ൌ ݇ሻ݌௞,௧ିଵଶ௞ୀଵ 	 , ݆ ൌ 1,2. 
Volatility forecast evaluation 
 Various statistical loss function exist that can be used to evaluate the volatility forecasts from 
different GARCH models. However, evaluating the predictive ability of competing models is not a 
straight forward task as a unique criteria of selecting the best model does not exist (Lopez, 2011). 
Therefore, this study employs five different statistical loss functions with different interpretations. 
This can help us to evaluate the forecasts of competing models and select the best performing model. 
The mean squared error (MSE) and mean absolute error (MAE) are commonly used for the evaluation 
of volatility forecasts. These are defined as 
															ܯܵܧଵ ൌ 1ܶ	෍൫ߪ௧ െ ෠݄௧
ଵ/ଶ൯ଶ	
்
௧ୀଵ
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													ܯܵܧଶ ൌ 1ܶ	෍൫ߪ௧
ଶ െ ෠݄௧൯ଶ	
்
௧ୀଵ
 
													ܯܣܧଵ ൌ 1ܶ	෍หߪ௧ െ ෠݄௧
ଵ/ଶห	
்
௧ୀଵ
 
														ܯܣܧଶ ൌ 1ܶ	෍หߪ௧
ଶ െ ෠݄௧ห	
்
௧ୀଵ
 
The MAE criteria is more robust than the MSE as it imposes same penalty on possible large 
errors. Since the true volatility ߪଶ is not available, we used squared returns as the proxy of these 
unobservable volatility. Pagan and Schwert (1990) introduced the logarithmic loss function (ܴ2ܮܱܩ) 
to penalize volatility forecasts asymmetrically in low and high volatility periods. It is mathematically 
defined as  
														ܴ2ܮܱܩ ൌ 1ܶ	෍ቈlogቆ
ߪ௧ଶ
෠݄௧ ቇ቉
்
௧ୀଵ
ଶ
 
 In empirical application, these statistical loss functions are used to rank the models. Accuracy 
of the two competing forecasting models can be statistically checked using the Diebold and Mariano 
(DM) (1995) test. This test checks the hypothesis of no difference in the accuracy of the two competing 
forecasts. Hence, in this article a more rigorous comparison method is adopted that evaluates the 
relative predictive accuracy of pair of models with DM test.  
 Let for two competing models, ݅ and ݆, the two sequences of forecasts for the series ሼݎ௧ሽ are generated by ሼ̂ݎ௜,௧ሽ and ሼ̂ݎ௝,௧ሽ, respectively, for ݐ ൌ 1,… , ܶ. Let the corresponding forecasts errors be 
ሼ݁̂௜,௧ሽ and ሼ݁̂௝,௧ሽ. Define the difference between the two forecasts as ݀௧ ≡ ൣ݃൫݁̂௜,௧൯ െ ݃൫݁̂௝,௧൯൧, where 
݃ሺ݁̂௜,௧ሻ denotes the loss function for the benchmark model ݅ and ݃ሺ݁̂௝,௧ሻ is the loss function for the 
alternative model ݆. Diebold and Mariano (1995) showed that for a covariance stationary sequence 
ሼ݀௧ሽ௧ୀଵ்  with a short memory, the distribution of the sample mean loss differential  ݀̅ ൌ ଵ் 	∑ ݀௧௧்ୀଵ  is 
asymptotically normal with mean zero and variance ܸ൫݀̅൯. Hence, the DM test statistic for null 
hypothesis of equal forecast accuracy between two competing models can be defines as ܦܯ ൌ
݀̅/ඥ ෠ܸሺ݀̅ሻ, where  ෠ܸ ሺ݀̅ሻ is the estimate of asymptotic variance which can be calculated as  ෠ܸ ൫݀̅൯ ൌ
ܶିଵ൫ߛො଴ ൅ 2∑ ݓ௞௤௞ୀଵ 	ߛො௞൯, with ݓ௞ ൌ 1 െ ݇/ሺݍ ൅ 1ሻ, is the lag window, ݍ ൌ ݄ െ 1, ݄ (forecast length), and  ߛො௜ is an estimate of the ݅th order autocovariance of series ሼ݀௧ሽ that can be estimated 
as  ߛො௞ ൌ ଵ் 	∑ ൫݀௧ െ ݀̅൯௧்ୀ௞ାଵ ሺ݀௧ି௞ െ ݀̅	ሻ for ݇ ൌ 1,… , ݍ. A modified DM test (MDM) test is suggested by Harvey et al. (1997) in which the DM test statistic is multiplied by 
ඥܶିଵሾܶ ൅ 1 െ 2݄ ൅ ܶିଵ݄ሺܶ െ 1ሻሿ to correct the over-sized problem of DM in small samples.  
Value-at-Risk 
In this subsection, methods of predicting value-at-risk (VaR) using GARCH-type models are 
described and then various evaluation measures and backtesting methods for the evaluation of VaR 
estimates are presented. VaR is the measures of the worst expected loss of a portfolio, at a given 
confidence level, over a target horizon, due to an adverse movement in the relevant security price 
(Jorion, 2007). For a known probability ߙ, a ሺ1 െ ߙሻ100%	VaR is defined as the ߙth conditional 
quantile of the returns. Hence the ݇-step ahead VaR is computed as  
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													ݍ௧ା௞ሺߙ, ݇ሻ ൌ ߤ௧ା௞ሺ௜ሻ ൅ ට݄௧ା௞ሺ௜ሻ 	ܨିଵሺߙሻ 
where ߤ௧ା௞ሺ௜ሻ  and ݄௧ା௞ሺ௜ሻ  are the mean and volatility forecasts, respectively, ܨିଵ is the quantile function of the innovation, ݇ is the forecast horizon such that ݇ ൌ 1, 5, 10, and 20 days and ߙ ൌ 1% 
or 5%.  
A backtesting procedure to evaluate the accuracy of VaR forecasts is recommended by the 
Basel Committee on Banking Supervision (1996). This is generally based on the number of observed 
violations, i.e. when actual losses exceed VaR in a sample period. 
Let us define the total number of observed violations as ∗ܶ 
														 ∗ܶ ൌ ෍ܫ௧	
்
௧ୀଵ
		with					ܫ௧ ൌ ܫሺݎ௧ ൑ ݍො௧ሻ 
where ܫሺ⋅ሻ is the indicator variable. Then the closeness of empirical rejection probability  ߙො ൌ
∗ܶ/ܶ to ‘ߙ’ can be used to assess the overall predicative performance of the VaR model. This probability also known as VaR violation rate provides an interesting insight to VaR forecasts.   
In case a model correctly specifies the conditonal quantile of returns, its true  ߙො should be equal 
to nominal level ߙ. The ratio  ߙො/ߙ can be used to compare and rank competing models. Of course, a 
model with this ratio close to unity is prefered and in case of ties, conservative model ( ߙො/ߙ ൏ 1) is 
chosen as superior.  
The magnitude of losses is also important in the evaluation of VaR. Lopez (1999) considered 
this magnitude and defined the average quadratic loss (AQL) of a VaR estimate. The overall AQL of 
a VaR estimate is obtained as ∑ ܣܳܮ௧/ܶ௧்ୀଵ ,	where 
													ܣܳܮ௧ ൌ ൜ 1 ൅ ሺݍො௧ െ ݎ௧ሻ
ଶ				if				ݎ௧ ൑ ݍො௧
		0																												if					ݎ௧ ൐ ݍො௧ The coverage test is the unconditional likelihood ratio test proposed by Kupiec (1995). It is 
defined as  
													LR୳ୡ ൌ 2ሾlnሼሺ1 െ ߙොሻ்ି ∗்	ߙො ∗்	ሽ െ lnሼሺ1 െ ߙሻ்ି ∗்	ߙ ∗்ሽሿ 
which is asymptotically ߯ሺଵሻଶ . 
The independence coverage test statistic, denoted by LR୧୬ୢ is defined by Christoffersen (1998). For ݅, ݆ ൌ 0, 1,	let ௜ܶ௝ denotes the number of time points ሼݐ; 2 ൑ ݐ ൑ ܶሽ for which ܫ௧ ൌ ݅ is 
followed by ܫ௧ାଵ ൌ ݆. Let  ߨො௜௝ ൌ ௜ܶ௝ ሺ ௜ܶ଴ ൅ ௜ܶଵሻ⁄ ,				ߨ	ෝ ൌ ሺ ଴ܶଵ ൅ ଵܶଵሻ ܶ⁄  
Then  
LR୧୬ୢ ൌ 2ൣln൫ሺ1 െ ߨො଴ଵሻ బ்బ	ߨො଴ଵబ்భ	ሺ1 െ ߨොଵଵሻ భ்బ	ߨොଵଵభ்భ	൯ െ ln൫ሺ1 െ ߨොሻሺ బ்బା భ்బሻ	ߨො ሺ బ்భା భ்భሻ	൯൧	 
The conditional coverage test statistic of Christoferssen (1998) which is asymptotically ߯ሺଶሻଶ  is  
LRୡୡ ൌ LR୳ୡ ൅ LR୧୬ୢ These measures and tests are used in this study to evaluate and compare the forecasting 
performance of volatility and risk estimates of various GARCH and MRS-GARCH models. 
Empirical Result 
Data and preliminary analysis 
The daily closing prices of Karachi Stock Exchange (KSE 100 Index) are used in this study. 
The KSE dataset is obtained from http://finance.yahoo.com for the period of January 03, 2005 to 
December 31, 2012. This time period includes both the high and low volatile period of the global 
financial crisis and may help to understand the market risk of KSE before and during financial crisis 
periods. The KSE data set consists of 1933 observations.  
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The returns at time ݐ is defined as ݎ௧ ൌ 100 ൈ ሾlogሺ݌௧ሻ െ logሺ݌௧ିଵሻሿ,			for		ݐ ൌ 1,… , ܶ, where ݌௧ is the closing index of KSE at time ݐ. Then, the whole span is divided into two parts: the estimation or in-sample part, of initial ܰ observations, used for estimating the unknown parameters of the 
GARCH-type and MRS-GARCH models and the validation or out-of-sample part of ܭ ൌ ܶ െ ܰ 
observations for the prediction and assessment of volatility and VaR. For out-of-sample 
forecasting,		ܭ ൌ 500 which corresponds to roughly two years observations. For volatility and VaR 
forecasting, a rolling sample scheme is used to forecast k-day ahead. More specifically, the model is 
fitted using samples of the estimation period and 1-day, 5-day, 10-day and 22-day (1-month) ahead 
forecasts are obtained. Then the sample is rolled forward, models are re-estimated and again the 
forecasts of k-day ahead are obtained.  
The daily log-returns of KSE are shown in Figure 1 below. The effect of global financial crisis 
is evident on KSE. Different regimes of low and high volatility and volatility clustering can also be 
seen in the log-returns series. Therefore, one of the main interests lies in the modelling and forecasting 
volatility and risk of KSE during this period. 
 Figure 1: Daily closing prices (left) and log-returns (right) of KSE 
 Summary statistics for KSE return series are presented in Table 1. The data is slightly 
negatively skewed with excess kurtosis and the Jarque-Bera (JB) test of normality is rejected. The 
Ljung-Box (Q) test is applied to check the serial dependence in both returns and squared returns and 
high significant values of this test confirm the existence of high order dependence in returns and hence 
a GARCH-type models can be fitted to this data sets.  
Table 1: Descriptive statistics of log-returns of KSE 
T Mean Min Max Std. Dev Skewness Kurtosis JB Q(10) Q(20) 
1933 0.0225 -2.6239 3.5850 0.6365 -0.3603 3.3292 480.93* 1351.80* 2033.60*
Note: JB is the Jarque-Bera test for normality of returns. Q(l) is the Ljung-Box test for the lth 
order  serial  dependence in the squared returns.  * denotes significance at 1% significance level. 
Estimation results 
 First, GARCH-type (GARCH, GJR and EGARCH) models are fitted using Normal, Student ݐ 
and GED distributions for errors. The in-sample period of January 03, 2005 to December 28, 2010 
(1433 observations) is used for the estimation of unknown parameters of these models and results are 
displayed in Table 2. The conditional mean parameter is found significant for all GARCH models 
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considered. Almost all parameters of the conditional variance are found highly significant. The 
leverage parameter in asymmetrical models are also found significant. The positive significant value 
of this parameter in the GJR models indicated that the ‘leverage effect’ exists in KSE and that the 
effect of bad news on volatility is larger than the good news. These significant parameters indicate 
that these models fit the data well for the in-sample period. It is observed that the shape or degrees of 
freedom parameter for the Student ݐ distribution are always greater than 6 for all models. This suggests 
that the fat tails of the financial returns. In addition, the shape parameter of the GED distribution is 
found close to 1.4 confirming fat tails than the Gaussian.  
 Next, MRS-GARCH models are estimated using three different error distributions as in the 
standard GARCH model. The estimated parameters along with respective p-values are presented in 
Table 3. The conditional mean in the first regime is found significant but the hypothesis that this 
estimate is different from zero in the second regime cannot be rejected for Student ݐ and GED 
distributions. The conditional variance parameters are found highly significant in all cases. Two 
regimes, first with low volatility and second with high volatility can be identified from the estimates. 
The persistence of the regimes can be illustrated by ݌ and ݍ which are commonly referred as the 
staying probabilities of regimes. These transition probabilities are found significant in all cases 
showing persistence of both regimes. The table also reports the unconditional probabilities for each 
model. The unconditional probability ߨଵ of being in the first regime (low volatility) ranges between 4% (Normal) to 33% (Student ݐ) whereas the unconditional probability ߨଶ of being in the second regime (high volatility) ranges between 67% (Student ݐ) to 96% (Normal). The shape parameters for 
both Student ݐ (ߥ ൌ 5.3) and GED (ߥ ൌ 1.1) are found significant and confirms thick tails of the 
returns. The significance of transition probabilities indicates persistence of both regimes in MRS-
GARCH models.   
In-sample evaluation 
 Table 4 shows the results of five statistical loss functions applied for the in-sample period. The 
competing models are ranked based on these loss functions and then the sum of their ranks are also 
calculated.  
Table 2: Estimation results of standard GARCH models with different error distributions for 
KSE 
 GARCH GJR EGARCH 
 Normal Student ݐ GED Normal Student ݐ GED Normal Student ݐ GED 
ߤ 0.1728 
[0.000] 
0.2103 
[0.000] 
0.1876 
[0.000] 
0.1407
[0.000]
0.1848 
[0.000] 
0.1662
[0.000]
0.1605 
[0.000] 
0.1737 
[0.000] 
0.1673 
[0.000] 
ߙ଴ 0.1923 [0.000] 
0.1518 
[0.001] 
0.1688 
[0.000] 
0.2209
[0.000]
0.1768 
[0.000] 
0.1983
[0.000]
-0.1711 
[0.000] 
-0.2659 
[0.000] 
-0.2214 
[0.000] 
ߙଵ 0.1940 [0.000] 
0.2545 
[0.000] 
0.2262 
[0.000] 
0.2889
[0.000]
0.3789 
[0.000] 
0.3389
[0.000]
0.3546 
[0.000] 
0.4466 
[0.000] 
0.4032 
[0.000] 
ߚଵ 0.7360 [0.000] 
0.7078 
[0.000] 
0.7215 
[0.000] 
0.7194
[0.000]
0.6922 
[0.000] 
0.7024
[0.000]
0.8696 
[0.000] 
0.9025 
[0.000] 
0.8855 
[0.000] 
ߛ -- -- -- 0.0956
[0.000]
0.1347 
[0.000] 
0.1159
[0.004]
-0.1443 
[0.000] 
-0.1368 
[0.000] 
-0.1441 
[0.000] 
ߥ -- 6.5878 
[0.001] 
1.3522 
[0.000] 
-- 6.5463 
[0.000] 
1.3753
[0.000]
-- 6.4541 
[0.000] 
1.3737 
[0.000] 
 Note: p-values in brackets. 
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Models with lowest rank sum may be preferred over other models for the in-sample period. In 
case of standard GARCH models, the EGARCH and GJR models with Student ݐ innovations are found 
to fit the data well. For regime-switching models the best model is found to be the MRS-GARCH 
model with Student ݐ errors. Overall, both the EGARCH and MRS-GARCH models with Student ݐ 
errors show promising results.  
 Out-of-sample evaluation 
 Out-of-sample evaluation is considered more important as practitioners, researchers and 
portfolio managers are more concerned with good forecasts of volatility rather than in-sample 
statistics. Therefore, the next important task, after fitting various models to a data set, is to evaluate 
the forecasting performance of competing models. Tables 5-8 show the results of out-of-sample 
evaluation of 1-day, 5-day, 10-day and 22-day-ahead forecasts of volatility. The models are again 
ranked based on five statistical loss functions and the sum of ranks gives indication of the overall 
performance. For one-step-ahead volatility forecasts, the MRS-GARCH-ݐ model outperformed all 
competing models with lowest sum of ranks. The GJR-ݐ model is also found to provide good forecast 
of volatility and almost match the MRS-GARCH-ݐ model. The EGARCH-ݐ model that was found the 
best for in-sample period stands third in the ranking.  
Table 3: Estimation results of MRS-GARCH models with different error distribution for KSE 
  MRS-GARCH  
 Normal Student ݐ GED 
ߤሺଵሻ 0.0989 
[0.000] 
0.1312 
[0.000] 
0.1351 
[0.000] 
ߤሺଶሻ -0.0116 
[0.009] 
0.0037 
[0.188] 
0.0012 
[0.201] 
ߙ଴ሺଵሻ 0.0078 [0.003] 
0.0105 
[0.001] 
0.0111 
[0.001] 
ߙ଴ሺଶሻ 0.2242 [0.000] 
0.0094 
[0.043] 
0.0088 
[0.031] 
ߙଵሺଵሻ 0.0989 [0.000] 
0.0711 
[0.008] 
0.1111 
[0.006] 
ߙଵሺଶሻ 0.1667 [0.000] 
0.1103 
[0.001] 
0.1780 
[0.000] 
ߚଵሺଵሻ 0.6001 [0.007] 
0.7610 
[0.028] 
0.7869 
[0.003] 
ߚଵሺଶሻ 0.8045 [0.014] 
0.7813 
[0.006] 
0.8501 
[0.002] 
݌ 0.4307 
[0.022] 
0.9103 
[0.001] 
0.9531 
[0.000] 
ݍ 0.9778 
[0.001] 
0.9556 
[0.000] 
0.9819 
[0.000] 
ߥ -- 5.3133 
[0.000] 
1.1012 
[0.000] 
ߨଵ 0.04 0.33 0.28 
ߨଶ 0.96 0.67 0.72 
Note: p-values are in square brackets. ߨ௜ is the unconditional probability of being in regime ݅. 
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For five-step-ahead volatility forecasts, results similar to one-step-ahead are observed with 
MRS-GARCH-ݐ performing better than other volatility models followed by the GJR-ݐ. The results of 
short horizons (1-day and 5-day) do not hold for long horizons (10-day and 22-day). At two-week 
horizon (10-day), the best model is EGARCH-ݐ followed by the GJR-ݐ model. Interestingly, the MRS-
GARCH-ݐ model that was found the best for short horizon stand at third rank. Finally, this is also 
found true for one-month-ahead (22-day) volatility forecasts where EGARCH and GJR with Student 
ݐ errors outperforming alternative models including MRS-GARCH. In summary, regime-switching 
model (MRS-GARCH-ݐ) provided better volatility forecasts for short horizon whereas nonlinear 
GARCH (EGARCH and GJR) showed better results for long horizons. These findings are in 
agreement with Marcucci (2005). In addition, all models with non-normal innovations are found to 
better forecast volatility then model with normal errors for KSE. 
Next, to statistically check the better forecasting performance of the best GARCH models in 
both short and long horizon, we apply the MDM test for equal predictive ability. For the sake of 
brevity, only results of one-day-ahead (short horizon) and 10-day-ahead (long horizon) are 
summarized in Table 9 and 10, respectively. For short horizon, the best volatility forecasting model 
was MRS-GARCH-ݐ and hence this model is taken as the benchmark model and compared to each 
alternative model based on all five statistical loss functions. It is evident from Table 9 that this model 
is statistically superior than most of standard GARCH models, at 10% significance level, except the 
GJR-ݐ model. The equal predictive ability of this model and the GJR-ݐ model cannot be rejected at 
least at 5% significance level. The MRS-GARCH-ݐ model is also found superior than other MRS-
GARCH model used in this study. 
For long horizon, the EGARCH-ݐ model is taken as the benchmark model for DM test as this 
model provided better volatility forecasts and the results are presented in Table 10. Comparison of 
EGARCH-ݐ model with alternative model reveals that this model statistically provide better volatility 
forecasts than all other standard and regime-switching GARCH models at 10% level of significance.  
Table 4: In-sample evaluation of volatility models 
Model ܯܵܧଵ ܯܵܧଶ ܯܣܧଵ ܯܣܧଶ ܴ2ܮܱܩ ܴܽ݊݇ ܵݑ݉GARCH       
     Normal 0.58912 10.12111 0.98112 2.61211 8.50112 48 
     Student ݐ 0.5729 10.00110 0.5107 1.57610 7.8717 43 
     GED 0.57511 10.35712 0.88211 2.61412 8.0808 44 
GJR       
     Normal 0.5657 9.2466 0.6518 2.3419 8.2459 39 
     Student ݐ 0.5112 7.1113 0.4553 1.1454 7.1864 16 
     GED 0.5718 9.8819 0.4865 1.2157 7.3315 34 
EGARCH       
     Normal 0.5616 9.2517 0.4604 1.2006 7.1443 26 
     Student ݐ 0.4981 5.1782 0.4171 1.0932 7.1011 07 
     GED 0.5545 7.6774 0.7719 1.1505 8.35211 34 
MRS-GARCH       
     Normal 0.57410 9.6568 0.78710 2.3238 8.31110 46 
     Student ݐ 0.5183 5.1621 0.4282 1.0191 7.1302 09 
     GED 0.5294 9.2225 0.4896 1.1413 7.3406 24 
 Note: Numbers in superscript represent the rank of the model based on evaluation criteria of 
column  
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The GJR-ݐ model at few occasions (ܯܵܧଵ,ܯܣܧଵ	and	ܴ2ܮܱܩ) and MRS-GARCH-ݐ model at one occasion (ܯܵܧଵ) show similar predictive ability at 5% level.  
Table 5: Out-of-sample evaluation of 1-day-ahead volatility forecasts  
Model ܯܵܧଵ ܯܵܧଶ ܯܣܧଵ ܯܣܧଶ ܴ2ܮܱܩ ܴܽ݊݇ ܵݑ݉GARCH       
     Normal 0.1599 1.1418 0.4557 0.3898 0.2678 30 
     Student ݐ 0.1466 1.0865 0.3994 0.3283 0.2285 23 
     GED 0.1537 1.1247 0.4276 0.3666 0.2557 33 
GJR       
     Normal 0.1588 1.18911 0.4799 0.41411 0.38811 40 
     Student ݐ 0.0992 1.0032 0.3371 0.3192 0.1771 08 
     GED 0.1224 1.0194 0.4225 0.3525 0.2114 22 
EGARCH       
     Normal 0.16610 1.1429 0.60811 0.40810 0.2999 49 
     Student ݐ 0.1173 1.0103 0.3913 0.3334 0.2013 16 
     GED 0.1405 1.1076 0.4718 0.3777 0.2376 32 
MRS-GARCH       
     Normal 0.17412 1.19112 0.71012 0.45112 0.41012 60 
     Student ݐ 0.0741 0.9921 0.3382 0.3061 0.1912 07 
     GED 0.16111 1.14710 0.60010 0.4029 0.35510 50 
 Note: Numbers in superscript represent the rank of the model based on evaluation criteria of 
column 
Table 6: Out-of-sample evaluation of 5-day-ahead volatility forecasts  
Model ܯܵܧଵ ܯܵܧଶ ܯܣܧଵ ܯܣܧଶ ܴ2ܮܱܩ ܴܽ݊݇ ܵݑ݉GARCH       
     Normal 0.51110 10.94910 3.6229 0.6619 0.3708 46 
     Student ݐ 0.4096 9.7006 2.9337 0.4816 0.3066 31 
     GED 0.4407 10.1118 3.0128 0.5998 0.3397 38 
GJR       
     Normal 0.3965 9.8897 2.8885 0.5157 0.39310 34
     Student ݐ 0.3182 8.3332 1.9012 0.3762 0.2302 10 
     GED 0.4788 9.5115 2.9086 0.4235 0.2604 28 
EGARCH       
     Normal 0.4919 10.8249 3.81010 0.72010 0.3829 47 
     Student ݐ 0.3314 8.7673 2.7674 0.3803 0.2463 17 
     GED 0.3243 9.0014 2.5133 0.3974 0.2985 19 
MRS-GARCH       
     Normal 0.55112 11.22911 4.11912 0.82712 0.48112 59 
     Student ݐ 0.3111 8.1061 1.8871 0.3441 0.2121 05 
     GED 0.54511 11.87112 3.98911 0.78311 0.39911 56 
Note: Numbers in superscript represent the rank of the model based on evaluation criteria of 
column 
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In short, based on the results of DM test for equal predictive ability we can say that for short 
horizon the MRS-GARCH-ݐ model and for long horizon the EGARCH-ݐ model statistically provide 
better forecasts of volatility and that the GJR-ݐ model always provide consistent results at all horizons. 
Finally, the out-of-sample value-at-risk forecasts are evaluated using statistical measures and 
backtesting methods discussed in Section 2. More specifically, the ratio ߙො/ߙ, the conditional coverage 
test ܮܴ௖௖ and the average quadratic loss ܣܳܮ are used to evaluate the VaR forecasts from all models. Table 11 shows the results of these measures for 1-day to 22-day ahead at 95% VaR level. The ratio 
ߙො/ߙ, that measures the closeness of empirical rejection probability to true, is desired to close to one. 
This ratio is found close to one for MRS-GARCH, EGARCH and GJR models with non-normal errors 
at short horizon. For long horizon, the EGARCH and GJR models with Student ݐ errors show rejection 
probability close to nominal. The conditional coverage test is found non-significant for most of the 
models at all horizons except for GARCH and MRS-GARCH with Normal and GED errors. The ܣܳܮ 
produce by the MRS-GARCH-ݐ model is also smaller for short horizon whereas for long horizon the 
EGARCH-ݐ and GJR-ݐ models are preferred, based on ܣܳܮ, among all models considered. We 
conclude that the regime-switching model for short horizon and nonlinear GARCH models for long 
horizon with non-normal errors may be considered for better forecasts of VaR of KSE.  
Table 7: Out-of-sample evaluation of 10-day-ahead volatility forecasts  
Model ܯܵܧଵ ܯܵܧଶ ܯܣܧଵ ܯܣܧଶ ܴ2ܮܱܩ ܴܽ݊݇ ܵݑ݉GARCH       
     Normal 1.21310 40.87011 7.55610 0.98110 0.4558 49 
     Student ݐ 0.9017 31.4456 6.8016 0.7226 0.3915 30 
     GED 0.9829 35.0018 3.0128 0.8158 0.4117 40 
GJR       
     Normal 0.8966 34.1117 6.8897 0.7877 0.4819 39 
     Student ݐ 0.7371 18.2112 4.9402 0.5772 0.2561 08 
     GED 0.8705 28.0815 6.1175 0.6785 0.3966 26 
EGARCH       
     Normal 0.9448 39.6119 7.1009 0.9049 0.48710 45 
     Student ݐ 0.7912 15.7781 4.7031 0.4991 0.3704 09 
     GED 0.8534 24.1093 5.8994 0.6144 0.3413 18 
MRS-GARCH       
     Normal 1.50212 43.10212 8.33312 1.43312 0.552 12 60 
     Student ݐ 0.8203 27.5254 5.6713 0.5853 0.2972 15 
     GED 1.43111 40.01510 7.62611 1.00511 0.52211 54 
Note: Numbers in superscript represent the rank of the model based on evaluation criteria of 
column  
Conclusion 
 This paper investigates the forecasting performance of standard GARCH (GARCH, EGARCH 
and GJR) model and Markov regime-switching GARCH (MRS-GARCH) models using daily data of 
KSE from 2005 to 2012. Normal and non-normal (Student ݐ and GED) errors are considered for both 
class of models and forecasts of volatility and VaR for 1-day to 1-month ahead are calculated. Our 
results revealed that MRS-GARCH model with two regimes of low and high volatility can fit the KSE 
data. The MRS-GARCH and EGARCH models with Student ݐ	errors are found superior than other 
models in forecasting the volatility and VaR of KSE for short and long horizon, respectively. The 
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nonlinear GJR-ݐ model is also found a close competitor to these models and provide consistent 
forecast at all horizons. This study may help researchers, practitioners and risk managers to adopt 
alternative models for forecasting volatility and risk of KSE at different regimes and horizons. This 
study can be extended by using skewed ݐ distribution for errors and comparing expected shortfall as 
alternative risk measure.   
Table 8: Out-of-sample evaluation of 22-day-ahead volatility forecasts  
Model ܯܵܧଵ ܯܵܧଶ ܯܣܧଵ ܯܣܧଶ ܴ2ܮܱܩ ܴܽ݊݇ ܵݑ݉GARCH       
     Normal 1.88910 844.22210 11.80110 2.15510 0.44110 50 
     Student ݐ 1.8228 304.0855 10.7917 1.5657 0.3887 34 
     GED 1.8619 601.56659 11.1329 1.9459 0.3978 44 
GJR       
     Normal 1.7146 529.8448 10.8648 1.8818 0.4149 39 
     Student ݐ 1.1413 275.1153 9.5013 0.8982 0.2702 13 
     GED 1.3064 290.1544 9.8074 0.9434 0.3534 20 
EGARCH       
     Normal 1.7787 470.0837 10.0075 0.9975 0.3806 30 
     Student ݐ 0.9221 187.0811 8.1101 0.8791 0.2651 05 
     GED 0.9862 199.5112 8.9232 0.9093 0.3033 12 
MRS-GARCH       
     Normal 2.01912 905.00112 13.16712 2.87812 0.581 12 60 
     Student ݐ 1.5435 379.1166 10.6566 1.2876 0.3625 28 
     GED 1.97111 893.09011 12.20011 2.44611 0.51011 55 
 Note: Numbers in superscript represent the Rank of the model based on evaluation criteria of 
column 
Table 9: Diebold-Mariano test (p-value) for 1-day-ahead volatility forecasts (Benchmark: MRS-
GARCH with Student ࢚ errors)  
Model ܯܵܧଵ ܯܵܧଶ ܯܣܧଵ ܯܣܧଶ ܴ2ܮܱܩGARCH      
     Normal 0.000 0.000 0.001 0.001 0.002 
     Student ݐ 0.000 0.042 0.044 0.042 0.030 
     GED 0.000 0.001 0.009 0.007 0.008 
GJR      
     Normal 0.000 0.000 0.000 0.000 0.000 
     Student ݐ 0.171 0.218 0.820 0.091 0.096 
     GED 0.004 0.071 0.016 0.019 0.053 
EGARCH      
     Normal 0.000 0.000 0.000 0.000 0.000 
     Student ݐ 0.018 0.088 0.073 0.039 0.071 
     GED 0.001 0.006 0.000 0.002 0.019 
MRS-GARCH      
     Normal 0.000 0.000 0.000 0.000 0.000 
     GED 0.000 0.000 0.000 0.000 0.000 
 Note: The null hypothesis of DM test is that both model have equal predictive accuracy. 
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Table 10: Diebold-Mariano test (p-value) for 10-day-ahead volatility forecasts (Benchmark: 
EGARCH with Student ࢚ errors)  
Model ܯܵܧଵ ܯܵܧଶ ܯܣܧଵ ܯܣܧଶ ܴ2ܮܱܩ GARCH      
     Normal 0.000 0.000 0.000 0.000 0.000 
     Student ݐ 0.001 0.000 0.001 0.001 0.007 
     GED 0.000 0.000 0.000 0.000 0.000 
GJR      
     Normal 0.002 0.000 0.000 0.000 0.000 
     Student ݐ 0.053 0.015 0.060 0.035 0.058 
     GED 0.005 0.001 0.003 0.004 0.001 
EGARCH      
     Normal 0.000 0.000 0.000 0.000 0.000 
     GED 0.017 0.006 0.006 0.009 0.027 
MRS-GARCH      
     Normal 0.000 0.000 0.000 0.000 0.000 
     Student ݐ 0.061 0.002 0.018 0.021 0.011 
     GED 0.000 0.000 0.000 0.000 0.000 
 Note: The null hypothesis of DM test is that both model have equal predictive accuracy. 
Table 11: Out-of-sample evaluation of 95% VaR 
Steps 1 5 10 22 
Model ߙො/ߙ ܮܴ௖௖ AQL ߙො/ߙ ܮܴ௖௖ AQL ߙො/ߙ ܮܴ௖௖ AQL ߙො/ߙ ܮܴ௖௖ AQLGARCH             
Normal 1.08 3.885 0.1414 1.12 4.334 0.18831.206.037* 0.4489 1.24 7.222* 0.8445
Student ݐ 1.04 3.339 0.1281 1.04 3.641 0.15391.12 4.541 0.1609 1.20 6.104* 0.5874
GED 1.04 3.716 0.1304 1.08 4.001 0.17871.16 4.978 0.2061 1.16 5.778 0.3001
GJR             
Normal 1.04 3.819 0.1215 1.12 4.101 0.18781.12 4.481 0.1880 1.16 5.858 0.3254
Student ݐ 1.00 3.134 0.1225 1.00 3.454 0.14931.04 3.887 0.1374 1.08 3.914 0.1816
GED 1.00 3.165 0.1231 1.00 3.432 0.15311.08 3.971 0.1428 1.16 5.844 0.2809
EGARCH             
Normal 1.04 3.545 0.1308 1.04 3.712 0.15541.08 3.996 0.1589 1.12 4.062 0.2314
Student ݐ 1.00 3.134 0.1222 0.96 2.561 0.14811.00 3.762 0.1306 1.04 3.888 0.1661
GED 1.00 3.211 0.1244 1.00 3.560 0.15221.08 3.661 0.1440 1.08 3.701 0.1809
MRS-GARCH             
Normal 1.08 3.885 0.1506 1.12 4.212 0.20901.20 5.938 0.5353 1.20 6.145* 0.8133
Student ݐ 1.00 3.016 0.1215 1.00 3.233 0.14891.12 4.121 0.1616 1.16 5.721 0.3131
GED 1.08 3.735 0.1466 1.16 5.633 0.20011.16 5.871 0.3446 1.24 6.844* 0.9789
 Note: ܮܴ௖௖	is the conditional coverage test. AQL is the average quadratic loss. * denotes significance at 5%. 
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